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Results of a study of fully cavitating hydrofoil sections are
reported, All calculations are based upon the linearized theory
of cavity flow in two dimensions. This report is the first
detailed exploration of the consequences of the general inverse
theory which permits the designer to specify the design values
of the 11ift coefficient, cavitation number and the thickness of
the upper surface of the cavity at the profile trailing edge as
well as the shape of the pressure distribution on the wetted
surface. The ordinates of the upper cavity contour and the
wetted surface contour are calculated. The design angle of
attack, the cavity length, the drag coefficient and the moment
coefficient are also calculated. It is found for almost any
cavitation number and any design lift coefficient that if the
center of pressure is placed as closely as possible to the
profile leading edge the resulting profile will have the most
favorable lift-te~drag ratio. The study also includes off-design
calculations, in accordance with the direct theory of cavity
flows, to determine cavity interference with the upper nonwetted
surface of the profile and the hydrodynamic forces of particular

designs.
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; Nomenclature
; Roman Symbols
E a - cavity parameter
CL - 1ift coefficient
CD -~ drag coefficient
: Cy - moment coefficient
: K - cavitation number
E L - cavity length, £ = a2 +1
L/D -~ lift-to-drag ratio
n -~ pressure amplification factor used in the second design
method
) -~ nondimensionalized perturbation pressure
Pk - cavity pressdre
P - free stream pressure

peak pressure location, measured from the nose

o
J

t(x) - upper (non-wetted) surfaée'of the hydrofoil
T ~ cavity thicknegs at the trailing edge
5 U - free stream velocity
E _
K. W(z) - function used toc compute the angle of attack corresponding
¥ - to the cavity-foil interference in the off-design calcu-
;Zg« lationsr
. 5 x - absissa, taken as positive downstream, with the origin at
the nose :
' i:} X - distance of the center of pressure from the nose
yu(x) - cavity contour (upper surface)
yc(x) -~ cavity thickness due to the complementary function (not

total thickness)
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Ez(a,x)

Superscript
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angle of attack of the chord line with respect to the

free stream
1
cavity parameter, 1 « —=—

V1K

vetted surface shape

density

functions used to compute the cavity contour in the off-
design calculations

prime indicates differentiation with respect %o x
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INTRODUCTION

In 1964, a method for calculating the shape of a fully-cavitating
hydrofoil section with prescribed pressure distribution was published
1, 2, 3].* This work, which is bared upon the linearized theory of
zavity flews in twn dimepsiors, vesulied in three profile design pro-
zedures. In ail three, the shape of tne pressure distribution on the
wetted surface of the profile is given, and the cavitation number, the
cavity thickness at the profile trailing edge, and the total section
lift coefficient are prescribed, Then the shape of the wetted surface
is calculated glong with the cavity length, the drag coefficlent, and
the moment coefficient about the profile nose. The lift-to-drag ratio
then follows. The three design procedures differ in the way that the
cavity thickness requirement is satisfied, Because of this difference,
the design attack angle is an outcome of the calculations in the first
and second procedures. In the third method, the attack angle is
prescribad from the outset.

In the first design procedure, the cavity thickness is obtained hy
use of the couwplementary function for the problem. This complementary
function 48 commonly called the “point-drag-solution [4]) of cavity flow
theory. In our procedure, the profile is ;akan to be at the attack

angle for "shockless entry" so that the prescribed pressure distribution

defines completely the pressure distribution on the wetted surface.

Thus, profile design at the {deal attack angle provides the designer with

® X
Numbers in brackats refer to citations in the list of references.

N RIS S VAL S
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the greatest control over every detail of the pressure distribution;
and for this reason we might be justified in regarding the first design
procedure as the proper embodiment of the linéarized inverse hydrofoil
problem. The analogous method of thin airfoil theory is given in [5,
6, 7}, for example. The fact that the designer can now control the
cavity thickness allows him to make sure that the upper surface of the
cavity does not interfere with the hydrofoil, and thereby to make some
provision for the stiuctural adequacy of his design from the start.

The second design procedure accounts for the fact that interference
between the hydrofoil and the cavity can also be eliminated by increasing
the attack angle of the p.ofile abov~ the ideal angle, instead of by
means of the complementary function. In this case, one prescribes the
value of CL as before., However, now one cannot control all details of
the pressure distribution. Oaly the shape of that part of the pressure
distribution which is associated with the wetted-surface camber is
subject to the designer's pleacure. Th2 pressure distribution now has
two parts: the first part which is cdue to the nose singularity (or
incremental attack angle), and the second part which {& Jdue to camber
of the wetted surface. The shape of the first part ls fixed, but we
can vary its magnitude by chanzing the angle of attack. Once the shajpa
of the second part is specified, one can adjusc its amplitude so that
the value of the 1lift coefficient originally specified is met Ly the
sum of contributions from the f£ivst aud the éecgnd parts of the pressure
distribution.

The third Jdesigun poocedure is more general thao the first and
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second procedures, because the complementary function and the incremental
attack angle are both used to meet prescribed cavity-thickness require-
ments. Now, one specifies the value of attack angle along with the lift
coefficient, cavitation number, cavity thickness at the trailing edge,

and the shape of that part of the pressure distribution due to camber.
Then, the remaining properties of the profile can be determined. The
third design procedure has not been worked out in detail, so that no
calculatiors have been made in with this procedure.

On the other hand, some calculations have previously been made with
the first two design procedures, However, those calculations were carried
out only to illustrate the efficacy of the theory [2, 3]. No attempt has
yet been made to put forward specific profile designs or to use these
two procedures to explore the ocutcome of various design philosophies.
The purpose of the present study is to remedy this deficiency. 1In order
to update the numerical procedures of References 2 and 3 so that the
vcomputer program is compatible with the IBM 370 computer, the entire
program, as descyibed in Reference 3, has been reviewed, all uecessary
corrections and modifications have been made, and all analytical results
of Reference 2 have been checked to be sure that the calculated results
are accurate. This work has been carried out by R. ¥. Davis and J.
Fernandez. They have documented their work in a companion report [8].

It should be emphasized that the present study explores only the
consequences of various hydrodynamic design strategies on profile
performance and geometry. The only comsideratica velating to profile

structural requirements is expressed in terms of the cavity thickness.

L TN LT SN S P N

Rt
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This hydrodynamic variable is treated parametrically in order to show

systems and structural engineers possible hydrodynamic consequences of
structural or other systems requirements. The important design inter-
actions between detailed structural and hydrodynamic requirements are
outside the scope of this study.

Flow Geometry and Nomenclature:

Before turning to the study of numerical results from the first an

second design procedures, we will define the flow geometry and the maj r

parameters which are basic to our considerations with the help of Fig re 1.
Although this schematic illustrates the way one might load a profile ‘or
calculations in accordance with the first design procedure, the esse :ial
geometric aspects of the hydrofoil, the cavity and the free-stream f ow
apply to both the first and the second design procedures. In the ¢z e of
the second design procedure the region of secondary perturbation pr ssure
between the primary peak and the trailing edge, shown in Figure 2, would
be deleted. As we have already noted, the second procedure make use of

an angle of attack increment above that needed for shockless er:ry to

provide for the prescribed cavity thickness T. In this case ae complete
pressure distribution consists of two parts and the first ps t, due to
the nose singularity resulting from the incremental attack ingle above
that for shockless entry, provides automatically that the ! ‘ofile wetted
surface will have a non-zero perturbation pressure everywh: 'e, except at
5 the trailing edge where it must be zero. Thus,\pne needs ) prescribe
only the primary pressure peak of the second part in order to determine

the shape of the wetted surface when the second design pr:cedure is used.

AR o g 3 RS A w0 E N
ey A T VT L ST ARy 3 y ok
: SR M e
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As FTigure 1 shows, the free-stream velocity and static pressure are

\

U and P, respectively. The cavity pressure is Pk’ a constant, and if
the density of the liquid is p the cavitation number for the flow is
P -P

K = — kz . )
1/2 p U

If the static pressure at any point in the flow is P(x,y), we shall

define the perturbation pressure as

s @

with the understanding that at points on the wetted surface of the
hydrofoil we have p(x,0) = p(x), where now 0 £ x £ 1, On the upper

and lower surfaces of the cavity, p(x,y) = 0. The angle of attack is
o, the cavity length is £ and the peak pressure location, measured from
the nose of the foil is s. Note also that the hydrofoil has a unit chord
and that the cavity thickness, T, is defined at the point x=1 only.
Figure 1 also shows the positive senses of the lift, cavity drag and
the pitching moment referred to the nose of the hydrofoil, The term
cavity drag is used to emphasize that skin friction on the profile
waetted surface is excluded from the present considerations, If the
Reynolds number for the flow is known this added drag can be estimated
separately. It is much smaller than the cavity drag. The three hydro-
dynamic coefficients assume their customary definitions for two dimen-

sional flow:
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¢ =—— ©)
1/2 p U
¢, = —2— (4)
1/2p U
and
: /2 pvU

provided the chord length is unity. In this study the upper contour of
the cavity is denoted by yu(x), the wetted surface contour (or camber

function by n(x); and the strength of the nose singularity corresponding

to an attack angle above shockless entry by A. The relationship between

the strength of the point drag singularity E, and the incremental cavity

thickness provided by the complementary function, yc(l), is
B2y (VT ©)

where & is the cavity length as illustrated in Figure 1. This notation
is consistant with that used in References [1], [2] and [3]. Additional
information on this and relected theoretical topics are given in those
sources.

FIRST DESIGN PROCEDURE~SUMMARY OF RESULTS

-

'Preliminary Remarks:

In order to explore design trends to be obtained with the first
design procedure a series of inverse calculations have been made which
use the pressure distribution of Figure 2. In these first calculations

the location of the peak pressure is restricted mostly to values of s between
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.1 and .5 chord. For the present this limitation will not impose any
essential drawback to this preliminary investigation. More complete
correlations, corresponding to the range .1S8s%,9, are discussed later
in this report, and a tabulation of coefficients for the entire range is
given in Appendix A. The range of CL values in this tabulation has been’
chosen to correspond to those likely to be encountered in the design of
cavitated foils for a high speed hydrofoil boat.

Figure 2 shows a double ellipse pressure distribution having a
peak pressure magnitude of h and a secondary peak of Ah where 0<A<<1,
The secondary ellipse is used simply to insure that the disturbance
pressure on the profile will exceed zero everywhere on the wetted surface
of the profile except at the nose and at the trailing edge. The ellip~
tical distribution has the form p(x)~Y1-x near x=l1 in accordance with
function~-theoretical requirements appropriate to the boundary value problem
[2]; For this pressure distribution the primary semi-ellipse always
starts at the point x=0 for all values s of the horizontal semi-axis for
vhich 0$s<.5 as indicated in Figure 2. In those cases for which .5<¢s<l.,
the semi-axis of the primary elliptical distributién is (1-s) and this
loading is anchored to the trailing edge for all values of s corresponding
to this rearward loading of the profile. Thus, the primary semi-ellipse
occupies the interval (2s-1)$xSl and the quarter ellipse of the secondary
loading would occupy the interval 0<x$(s2-1). That is, if we reflect the
contours of Figure 2 in the vertical axis so that the positions of nose
and trailing edge are reversed we will have the loading configuration for

tail-loaded profiles. If CL’ 3 and A are prescribed, it follows at

v M AR T 4 s o . 3 *, A 354
A v . k . SURIN A 334
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once that

ZCL

" 7[s + A(1-28)] °

h 0<ssl/2 . n

When 1/2<s<1 one has the case of aft loading on the foil and

2C

L
b= s A @eD] ®

Equation (7) determines the value of h for the various 1ift coefficients
considered in the initial phases of our study of nose~loaded
profiles,

Hydrodynamic Performance:

The best value of A to be used for foil design is somewhat uncertain
because the designer needs only enough positive pressure in the secondary
ellipse to provide him some assurance that premature wetted surface
cavitation will not occur within some range of attack angles less than
the ideal design value in any particular case. On the other hand if A
is too large then it becomes less convenient for one to shift the center
of pressure location to whatever value may be desired. Clearly, A=0 is
the best choice in this latter respect. In order to exszmine the effect
of the value of A a series of calculations were made at zero cavitation
number and fixed cavity thickness, T=0.15, for A=y, .025 and .05. Values
of s were selected at s=,3, .4 and .5. Values of CL were chosen to be

at CL = ,08, .10, .12, .15, The important parameter for performance

considerations is the lift-to-drag ratio. The result of these calcula-
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tions is shown in Figure 3 in which L/D versus s curves are given for

A=0 and A=.05. The curves for A=,025 lie between the curves for A=0

and A=,05 and they were omitted for the sake of clarity. For future
reference this illustration also shows a curve cbtained from calculations
made with the second design procedure. The first point to be noticed
from this illustration is that a value of A as large as .05 does not
affect the value of L/D too drastically and yet it should provide some

margin for error in the operating attack angle. Theréfore, the value

. A=,05 has been selected as the standard value for use in subsequent

calculations by the first design procedure.

Another trend shown by Figure 3 is the increase in L/D as the peak
pressure moves toward the nose for all CL values. Thig is an important
point to note because in the past, designers have often tried to place
the peak pressure as near to the trailing edge as possible in order to
obtain foills of low drag. This design philosophy originated with Tulin
[9] and it was further reinforced by the more general considerations
of Reference [2]. However, those recommendations ignore the fact that
the upper surface of the cavity must clear the wetted surface of the
hydrefoil, In the present calculations this fact is explicitly accounted
for in the design procedure and it results in a trend with respect to
the location of the peak loading which is directly contradictory to the
previous result — but at the cost of less favorable lift-to-drag ratios.

A further exploration of these preliminary trends shows the effect

of cavitation number on lift~to-drag ratio when the cavitation number

varies from O to 0.2. The cavity thickness, T=,15, and location of peak

TN e e s i
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pressure at s=.3 were held fixed. The same values of CL were selected
as before. The result of these calculations is shown in Figure 4.
Evidently the lift-to-drag ratio is strongly affected by cavitation
number with the most favorable values being found at K=0.

Figure 5 shows the lift-to~drag ratio as a function of peak pressure
location for various lift coefficlents at a cavitation number, K=,2,
Note that the cavity thickness for this case is T=.1l so that for s=.3
one can compare this illustration with Figure 4 and see that increasing
T at K=.2 increases the cavity drag. This trend is obviously true at
all K values. Moreover, we see from these curves that when K=,2 and
T=.10 the best position for the peak pressure varies with CL. For
example at CLﬂ.IS the best value of s appears to be at 35.62 and that
it apparently moves toward the trailing edge as CL decreases,

In Figure 6 the lift-to~drag ratio has been plotted against peak
pressure lacation, s, at a congtant CLﬁ.ls and at constant T=,15 for
various cavitation numbers between K=0 and .2, One can cowmpare the
curve for Ke,2 with the curve for CLH.IS of the preceding figure to
sec again how increasing the cavity thickness from Te;10 to Te.15
decreases the lift-to-drag ratio from about 8.5 to about 6. For the
thicker cavity counsidered in Pigure 6 it appears that the wmost favorable
location for the peak pressure is near the profile wose.

The foregoing results from the first design procedure have revealed
the following trends. For wost cases one will obtain more favorable
lift-to-drag ratios if he concentrates the pressure loading as wnear to

the leading edge of the profile as he can. The cavitation number has a

b b,
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large effect on the lift-to-drag ratio. The larger the value of K
becomes, the less favorable is the resulting lift to drag ratio. This
is a direct consequence of the fact that one requires a fixed value of
cavity thickness, T, at the design point regardless of the cavitation
aumber, But as the cavitation number increases the cavity length
decreases and if left to itself the cavity thickness would tend to
decrease too. However, our design method requires a constant cavity
thickness at the trailing edge. Therefore, it is necessary that we
increase the strength of the point drag function to meet this require-
ment., Accordingly, the lift-to-drag ratic must decrease because the
cavity drag is increased while we hold the lift constant. This situation
should be true for all locations of the peak pressure. The preceding
exanples also show that the design lift coefficient has an appreciable
eftfect on the lift-to-drag ratio. For nosc-loaded profiles the lift-to-
drag ratio incrcases with increasing values of lifc coeflicient. This
effect seems to become stronger as the peak pressure location is moved
toward the nose, Now it is known for a delta function pressurc at the

trailing edge {2, 1] that

L BNCHK) R(R-1) )
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Bul-—- (11)

Y1+
As K20, #+» and equation (9) reduces to Tulin's result [9] in

which L/D = 8n/CL. The important thing to note is that these formulae
indicate that the lift-to-drag ratio should decrease as CL increaseg
which is opposite to the tremd found by weans of the first design |
procedure, Thus, if structural limitations allow it, the present study
suggests that the designer should use heavily loaded foils in order to
secure the most favorable values of L/D at the design coundition. The
"delta function rule" suggests that lightly loaded folls are preferred.
We have already noted that the delta function rule does not control the
position of the cavity upper surface with téspect to the watted surface
of the profile. Evidently, the control of the cavity location incor-
porated into the present design procedure changes the direction of the

trend of L/D with respect to design C. in a most significant way. However,

L
ve will see that as the location of the poak pressure woves ucarer to
the trailing edge the increase of L/D with increasing CLrbccomns less,
although this trend is not reversed for profiles defined by the first

design procedure. Another general trend resulting from the foregoing

~ calenlations is that ss the cavitation number increases, changes in the

peak pressure location have less effect on the value of L/D. Fov example,
Figure 6 shows that the lift-to-drag ratio of nosc loaded profiles ia
the range .1%65.5 is hardly changed by the location of the peak préssurc

when K=.2, although the change is appreciable when K=0,
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Hydrodynamic £quivalence and Performance Summary:

All of the preceding analysis of trends have been made for various
peak pressure locations, denoted by the parameter s of the double ellipse
pressure distribution., While this has been a convenient procedure, the
foil loesding quantily of fuudamental interest is E; the chordwise distance
from the hydrofoil nose to the center of pressure, Values of x for all
cases calculated for the double ellipse pressure distribution are tabulated
in Appendix A. WNow, o.-. has considerable freedom in the specification
of the pressure disccibution for calculations in accordance with the
first design p ccedure. It is certainly possible to prescribe several
distributions which will have the same value of X even though their
gaapes may diffec in detail. One would anticipate that as long as all
of these distributions have the same value of §} CL’ T and K at the
design point, the remaining hydrodynamic performance design parameters
should Jdiffer very little from one another, In order to test this con-
jecture a series of calculations have been made with the first design
procedure for a modified three-term [2] and a reversed three-term pressure
distribution at 4 CL = ,12, as ghowm in Figure 7. The reversed three-
term distribution has x = +3647, corresgonding to a nose-loaded design.,
The modified three-term distribution has x = .6685, corresponding to a
tail-losded design. Hydrodyﬁamic performance data from these two distri-
butions are compared with data from equivalent double-ellipse distributions
in Tables I and IX, It can be seen that differences in performance
between equivalent proiiles are very small indeed. In fact we believe

that part ¢f the differences shown may be due to the fact that datz for
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the elliptical distributiuns were obtained from those of Appendix A

by litear interpolation.

The foregoing is a useful rasult because it permits one to summarize
ail of the hydrodynamic trends considered above for the double ellipse

family of riessure distributions with the understanding that this summary

will also be valid for other distributions having different shapes. All

that we require is that the pressure distributions are hydrodynamically
equivalent in the sense that the value of % be the same for each and that
the same design point (CL’ T and K) applies to all of them. As a result
of these considerations a series of "performance maps" have been prepared
from the data of Appendix A, These are given in Figuces 8§, 9, 10, 11

and 12, which show plets of L/D vs CD with contours of constant CL and

8. Each one of these maps shows three designs, corresponding to three
values of T, and esch map is valid for the value of K noted on it.

Evidently, all C, contours are equilateral hyperbolas. Note that the

L
plot for Te,10 shows intersecting contours for certain values of s.
This occurrance is a consequence of the trends shown already in Figure
5. As we have seen, when the cavitation number is high enough and T is
sufficiently small, the best location for the peak pressure moves from

the nose toward the trailing edge. Evidently the nose location is not

always the best location. However, this is the only case found so far

in which the nese location iz not the best choice. The chart of Figure
13 48 a plot of CM vs ;; with contours of constant CL and s as before.
This chart provides the connection between x and s so that if the design

cL and X are known the resulting value of 3 can be used to enter the
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charts of Figures 8 through 12 to find the design L/D, etec. for distri-

butions having other than the double ellipse shape. Note that Figure

13 applies to all values of K and T so that only one such chart is needed.
The value A, the secondary quarter-ellinse parametef; for these charts

is .05.

Profile Geometry:

The foregoing paragraphs give a fairly comprehensive overview of
the hydrodynamic performance of fully cavitating hydrofoil sections
designed by the first procedure, It is now necessary to explere the

geometric properties of the profiles as the design point and the peak

pressure location are varied. The graphs of Figuves 14 through 23 show
to scale the profile wetted surfaces and the upper cavity contours in
accordance with the nomenclature defined in Figure 1. In these figures
the chord lines of all profiles are on the x~axis from x=0 to x=1,0,
The y~axis shows contour ordinates to the same scale as the abgcissa of

each point. Note that only that portion of the cavity upper surface

: which lies directly above the wetted surface of the profile is plotted

E in thesc graphs. The trailing edge of the wetted surface is located at
the point x=1.0 on all plots and the lower surface of the cavity, which
would extend beyond the trailing edge is not shown at all, The cavity
uiickness, T, for each design can be measured directly from the graphs
as % vertical dastance from tle trailieg edge of the profile (1.0, Q)

. to the upper surface of the vavity (1.0, T). The space between these
two contours from the profile nose at (0, 0), and on into the cavity

beyond the trailing edge of the wetted surface if need be, is available

[ 3
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for the hydrofoil structure. We have not drawn in any foil structure

in these plots, preferring to restrict our attention to the hydrodynamics
of these flows. Of course, we assume that there would be some clearance
space between the upper surface of the cavity and the uppermost parts of
the profile structure,

‘The profiles of Figures 14, 15, 16, 17 and 18 have all been designeg
for T=.15, K=0, CL=.15. Values of s vary from s=,2 to s=,8, (Note that
s should be listed as an input quantity in these figures.) This sequence
of profiles shows how the maximum camber of the profile moves toward the
trailing edge as the peak pressure point moves toward the trailing edge.
Moreover, a5 the peak pressure poini moves to the rear, the rounding of
the profile nose increases, corresponding to an increase of the point-
drag singularity at the nose. This increase is required in order to
maintain the value T=.15 as s increases, thereby shifting the peak
pressure to the rear. It can be seen that the cavity drag almost doubles
as 8 increases from .2 to .8. In the following graphs we will explore
the effect on profile geometry when s is held fixed and the design point
is varied.

The effect of varying cavity thickness, T, when s=.5, K=0 and

C, =.15 is shown by Figures 17, 19 and 20 for T=,10, .15 and .20 respec-

L
tively. Notice that the cavity drag néarly triples and that the profile
_nose becomes more rounded as T increases over this range.

Comparison of Figures 17 and 21 shows the effect of increasing the

cavitation number from 0.0 to 0.2 at the fixed values of T=,15, CL=.15

and s=,5, Ve see that the shorter cavity, denoted by L in the figures,
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corrasponding to the higher value of cavitation number requires an
increase of the point-drag function to maintain a thick cavity and this
results in greater rounding of the profile nose.

Figures 17 and 22 show the effect of reducing C, from .15 to .08

L
respectively. Notice that as CL decreases the amount of undercamber
decreases and the nose curvature seems only slightly affected. In this
comparison the fixed parameters are T=,15, K=0.0 and s=.5.

Figure 23 illustrates the kind of a design one produces when he
specifies a thick cavity, fairly high CL’ forward loading and high cavi-
tation number. As also indicated from the performance map, the lift-
to-drag ratio is not very good. As a general comment, it has beep
found in this series of calculations that profiles having a far-foward
loading or a far~rearward loading such as s=.l1 or s=.9 require a higher
point density over the pressure distribution so that the profile wetted
surface will be accurately calculated. This behavior results from the
sharp pressure peaks which require fairly dense point distribution for
an adequate number of points in the steep regions of the distribution.
Less "peaky" pressure distributions can be defined with fairly good
precision by 50 equal intervals between x=0 and x=1, The contours
shown in this report generally result from this spacing and close -
inspection of Figures 14, 19 and 23 which have s~values of .2, .5 and
8 respectively, show the onset of the behavior noted above when only
50 points are used.

Finally, we note that the region of undercamber on the wetted

gurface of all designs illustrated is quite dependent on the position

) fu,
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of the peak pressure. For example, if one comsit rs a nose-loaded
profile and ke studies the region between x=0 and x=2s, he will note
that the undercamber is concentrated in this re on. Of course, the
nose rounding required by the point-drag function modifies this behavior
in the vicinity of the nose. However, near t. : point x=2s the curvature
of the wetted surface reverses and beyond thir point the wetted surface
shows no undercamber. In the case of tail-] saded profiles the situation
is the same except that the influence of th point-drag functiom is
farther away and one can now make the same ,eneral observations if he
replaces the interval, 05<x£2s by 2(1-2s)< <1. It appears therefore,
that while the hydrodynamic performance o. the profile depends primarily
on the location of the center of pressur :, the geometry of the wetted
surface is sensitive to the peak pressu. 2 location and other details of
the pressure distribution shape.

SECOND DESIGN PROCEDURE - SUMMARY OF RESULTS

Preliminary Remarks:

The exploration of design tren¢ ' derived from the second design
procedure start with the modified p 2ssure distribution shown in Figure
24, These pressure distributions re obtained from those defined by
Equations (7) and (8) simply by p .:.ting A=0. As we have already
explained, the secondary pressurc¢ distribution which is used in the
first design procedure to insur: that p(x)>0 except at the leading edge
and trailing edges of the profi e is not needed for this case. In the
second design procedure, this ‘equivement is automatically satisfied by

the added pressure distributi a resulting from the departure of the
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attack angle from the ideal angle.

Hydrodynamic Performance:

As before, the important performance parameter for design purposes
is the lift~to-drag ratio. A series of caleculations made in accordance
with the second design procedure has given the results plotted in Figure
25. This figure shows the effect of peak pressure location on lift~to-
drag ratio at K=0 for a range of section lift coefficients and for two
cavity thicknesses. Note the similarities between the trends shoﬁn in
this graph and those obtained from analogous calculations by the first
design procedure in Figure 3. Note also that the range of C. and T

L

values in Figure 25 is somewhat narrower than those used in our explor-

- ation of the first-design-procedure. This narrowed scope is caused by

the fact that CL and T cannot always be specified independently. Reasons
for this behavior have been discussed in a more quantitative but somewhat
different way in Reference 1. For the present discussion, it is suffi-
cient to note that if CL is fixed and T 1is also prescribed, then situations
can occur in which the value of 0 required to meet the required cavity
thickness will cause higher 1lift than the CL specified. The use of the
point drag function as in the third design procedure is needed to over-
come this difficulty. Thus, Figure 25 shows that the lowest CL value
which could be attained when T=.1 is about .12 and when T=.15 the lowest

CL is about .15, When T=.20 it was found that the lowest value of CL

exceeds .16,

m—

In spite of the limitations discussed above, one can still draw

useful conclusions about the trends produced by the second design
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procedure and these trends can also be compared with corresponding results
from the first procedure. Of course we have already seen in the case
of the first design procedure that profile performance relates primarily
to center of pressure and that while the center of pressure is related
to peak pressure location, s, this parameter tends to have an important
influence on wetted surface geometry. Therefore comparisons of perfor-
mance trends from the two design procedures in terms of s are suggestive
only. It remains to be seen how they compare on the basis of center of
pressure location.

¥or example, let us compare the curve for CL=.15 and T=,15 from Figure
25 with corresponding curves of the first design method in Figure 3 above.
This comparison suggests that for nose loaded foils (s<.3) the first design
procedure provides profiles having more favorable lift-to-drag ratios. On
the otherhand, when the peak pressure moves toward the trailing edge, the
second design procedure is better., In fact, Figure 8, the first design
procedure performance map for K=0, shows that L/D=7.09 when g=,9, T=,15
and CL=.15. This is only about 60% of the corresponding L/D value at
8=,9 in Figure 25, Thus, when location of the peak pressure is the chief
concern and a tail-loaded profile must be used (8<.4) the second design
procedure is probably the better design procedure. However, if securing
the most favorable, L/D is one's primary goal then it would seem that
nose loading is to be preferred and the first design procedure should be
employed, In order to reinforce this point, Figure 26 compares L/D for
nose~loaded profiles for s=.2, with T=.10 and .15, for a range of CL values.
The curves for s=.3 are included in Figure 25 simply for reference.

If for some reason one needs to design a tail-loaded profile
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in spite of the L/D penalties noted here, the elliptical pressure
distribution may not be the best choice. For sufficiently high values
of CL and s, turbulent separation could be produced. A means of avoiding
this occurrence for profiles which use the first design method is given
in Appendix C. We note in passing that Appendix C illustrates how one
can avoild separation but still have the steepest possible pressure rise.
Should it be needed, this approach aims to prescribe appropriate pressue
distributions without requiring extensive turbulent boundary layer
calculations and a turbulent separation model, thus avoiding the sort of
calculations described in Reference 11, for example.

The foregoing comparisons summarize the chief design factors to
be observed in connection with prescribed pesk pressure locations for
the second design procedure. Other performance trends parallel those
of the first procedure at least qualitatively. This fact is illustrated
within the parameter-range limitations of the second procedure by the
performance map of this method of profile design. But first, the matter
of hydrodynamic equivalence in the sense defined above for the first
foil* will be examined for the present case of the second design procedure.

Two-Term Profiles, Hydrodynamic Equivalence and Performance Maps:

As a preliminary to the main body of the theory, Reference 1l contains
a discussion of hydrofoils at zero cavitatipn number and related airfoils
which extends the ideas originated by Tulin [9]. As an example of optimum
design, a "two-term" profile is found which has the most favorable lift-

to-drag ratio and which has a cavity which clears the wetted surface.

*
p. 24.
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The cavity clears the wetted surface because the pressure distribution
on the foil contains an angle of ;ttack term besides the two terms due

to camber. Moreover, there is no complementary function in the sclution
so that the example treated resembles the more general second design
procedure. As a matter of fact we can put the "optimum" results from
Example 3 of Reference 1 in a form which permits comparison with the
present results. In order to facilitate this comparison and to make this
document more nearly self-contained, Appendix D gives an excerpt form
Reference 1 which contains these preliminary considerations. For

example, we find from Equations (16) and (36) of Reference 1 that

L 33m
CM 160 © 12)
and from Equations (16) that
C, = E-az and C. = A o (13)
D 2 L 10 ,

at the condition for most favorable lift~to-drag ratio. Siuce ;bL = CM
it follows for this foil that x = .2946. Moreover, at a prescribed
value of CL we can write the lift-to-drag ratio as

i ;I-"-B—TL_ .gﬁ
g p 2, ¢t - a8

The corresponding result for a flat plate is L/D = HIZCL. We can also

use Equations (39) and (40) of Reference 1 to write the cavity thickness
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at the trailing edge (x=1) as
T=1.5764c (15)

which permits one to determine C_, C  and CM for any desired cavity

L™
thickness., Table III shows two~term profile performance for three
values of cavity thickness.

From this example one sees that the designer has more freedom if
he uses the more general second design procedure because the "optimum"
condition selected in Reference 1 results in a fixed portion of the total
lift which is carried by that part of the pressure distribution due to
camber, For example, in the second design procedure we express that

fraction of CL which is carried by the prescribed pressure distribution

as

C.'=nC( . {16)
Then that part of CL carried by the extra angle of attack, or the effect
of a, in Example 3 of Reference 1, is (l—m)CL. We can make use of Equa-
tions (36) and (27) from Reference 1 to determine that

m=6/7 |, Q17)

which holds for all values of o, That is to say, m is fixed once and

for all and this result is consistant with the fact that x is also

TR e e s bt et AWK R Tt s e © e et
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independent of o for this particular example of an "optimum" profile.
This is not the case for the second design procedure as can be seen
from the data of Appendix B. In the second design procedure, we
specify CL’ T and K as well as the shape of the pressure distribution
due to camber. As a result the parameter m shows considerable variation
within its permissible range, 0sm<l,

In spite of the differences just discussed, it seems useful to
compare the performance of a two-term profile with an equivalent profile
obtained from the second design procedure. To do this we compare the

results of Table III with C, and T values in Appendix B for K=0. We

L
see that if T is greater than .10, the values of CL in Table III are
outside the range of cases studied in Appendix B. However, when T=.1l0

the two-term foil has CL = ,1395. But CL = .14 is one of the liftc
coeificients tabulated in Appendix B. These CL values differ by 1.1%

and if one considers the effect of this CL variation on the data of
Appendix B for sx.3, he will conclude that L/D would suffer a corresponding
variation of about 0.5%. Therefore, it scems reasonable to interpolate

for that value of s corresponding to x = .2946, This correspouding value
is 9=,2834., Other quantities relating to both two~term and elliptical
pressure distributions are compared im Table IV. From this table one

can conclude for K=0, at least, that shape variations among hydrodynami-
cally equivalent presshre distributions will have little effect on the
hydrodynamic performance of the resulting profiles. Note that the

value of m for the two cases shows a significant difference.

Of course, the foregoing results apply strictly to the secoud design

procedure at zero cavitation number. These findings necd to. be extended
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to other values of the cavitation number such as K=.05 and K=,10 and to
L«f other cavity thicknesses, such as T=,10 and T=.,15. A convenient choice
for the 1lift coefficient is CL = ,16 because Appendix B shows a good
range of X at both values of K. For the comparison calculations, we
will use the modified three-term and reversed three-term pressure
distributions of Figure 7 except that the ordinates of that illustration
must be scaled in the ratio 16/12 in order to give the design CL in the
event that m=l. The results of all calculations are given in Tables
V and VI. As in previous comparisons, the performance of the equivalent
elliptic pressure distribution is obtained by linear interpolation from
values in Appendix B.

Tables V and VI show again that the performance of hydrodynamically

1. Yt s

equivalent profiles is insensitive to detailed variations of pressure
distribution shape. An intevesting aspect showm by these tabulations
and Table IV also is that the m-values for the ellipticel distribution

arc alvays somewhat smaller than those for the three~term or the two-term

profiles. As was found in the casc of the first dosign procedure, it
also appears in the casec of the second design procedure that profile
performance ostimates can be based on data from the clliptic pressure
Mistribution s& loug as the pressure distributions are hydrodvuasically
equivalent. The practical problem for the application of this rule to

the second design procedure, is that one new needs to carry out the

§i : _ ‘ design calculation for the new profila in odrder to estadblish the

?; E' ‘ equivalence betwoen it and oue having an e¢lliptic pressure distribution.

This situation is caused by the fact that now the pressure distribution
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has two parts and we can specify only that part which affects the camber
of the profile whereas the center of pressure coordinate depends upon
the relative magritude of both parts. This fact prevents us from using
a summary of results, such as that presented for the first design pro-
cedure in thc charts of Figures 8 through 13, as rather precise guides
for profile design performance.

On the other hand, performance weps which summarize the properties
of profiles having elliptic pressure distributions do provide a convenient
overview of trends to be expected from the second design procedure and they
can gilve the designer qualitative guidance. Figures 27, 28 show the forces
and Figures 29, 30 and 21 show the pitching mcuwent. These figures illustrate
the results tabulated in Appendix B, except that moment data for T=.l1l5 have
not been plotted in order to simplify these illustrations. As discussed
previously, the range of parameters for the second design procedure is not

as extensive as it is for the first design procedure and so there are fewer

~charts of L/D versus Cy in this case. Howover, there are more charts of

CH versus ¥ because now these contours depend upon K and 1.

Ceuter of Pressure location and Comparison of First and Second Desipn
Procedures:

All of the preceding comparisons have used, s, the position of the

peak prescribed pressure oa the wetted surface as the priwary foil desigan

paxaater. This has been a convenient choice because it can be prescribad
quite independently of the final performance parameters; and, as we have
seen in the case of foils derived from the first design procedure, it is

important with respect to the wetted surface geometry. However, the

hydrodynamic performance of profiles designed by both procedures has
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beer found to depend on'§, the location of the center of pressure. This
parameter is certainly related to the value of s, but for the second
design procedure the added pressure distribution caused by the increase
in attack angle above the ideal angle makes this relationship somewhat
indirect. It remains, therefcre, to see how the idea of hydrodynami-
equivalence applies to comparisons between the first and second design
procedures.

Figures 32, 33 and 34 present plots of L/D against.; for profiles
obtained from the two design procedures. The points on the curves show
various s-values given in Appendices A and B. In Figure 32, those
poinfs nearest the L/D axis on the curves for the first design procedure
correspond to s=.,1 and on the curves for the second design procedure,
the points plotted nearest to the L/D axis are for s=.2 when CL=.12 and
s=.3 when CLm.IS. This situation is also true for Figures 33 and 34,
except that now the CL=.15 curves for the second design procedure start
at 8=,2 also. These figures show that the use of x for comparing first-
and second-foil performance only exhibit rather small L/D differences
over the range of X for which they are comparable. Of course these
differences are much larger than those displayed in Tables I through I
above, But those data compare foil designs within a given procedure go
that relatively minor variations of pressure distribution shape are
congiderad. When we compare arprofile from the first design procedure»
with an equivalent profile from the second design procedure. the pfessure

distributions for the two cases differ significantly. Therefore, we

expect to see more of a difference for the present comparisons than we
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found above. The fact that these differences are as small as they are
is noteworthy. Finally, we note that if one accepts the differences shown
as being significant, we can state that theoretically the first design
procedure generally leads to proiiles having the lower drag. The practi-
cal importance of this slight advantage is questionable.

The limited range of center of pressure travel of the second design
procedure compared to the first design procedure is another feature
which desqirves comment. For example, when K=0, it 3s known that x = 5/16
for the flat-plate hydrofoil at all angles of attack. But the added
pressure distribution due to attack angle found in the second desrign
procedure is the flat-plate distribution. Therefore, its presence
inhibits the degree by which the designer can vafy §'by changing the
value of s. Thus, we see that all of the X values for the second design
procedure are less than .5 even though s values as large as .9 are
included in Figures 32, 33 and 34. We also see that the forward travel
of X available to the designer is similarly limired although this
restriction is not as severe as it is for rearward travel. This behavior
explains the apparent superiority of the second procedure compared to
the first procedure for large values of s noted in Figure 3.

Goometric Properties:

Discugsion of performance trends for the first and second procedures
sre now complete. The reasnining aspect of the second design procedure
requiring discussion is the profile geometry obtained by thisz method.

The nocessary results arve contaiuned in Figures 35, 36, 37 and 38 which

show wetted surface apd upper cavity contours for four represeatative
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flows at zero cavitation number. These plots conform to the same rules
given previously for the first design procedure. Figures 35 and 36 show
how the undercamber of the wetted surface is increased as the design CL
increases from .12 to .15. This trend was also observed in the case of
foils resulting from the first design procedure. Figures 36 and 37 show
how the region of undercamber moves toward the profile trailing edge as
the peak pressure location is changed from s=.3 to s=.7. This trend

has also been observed for contours derived from the first design method.
Finally, a comparison of Figures 37 and 38 illustrates how the wetted
surface changes for s=.3 when CL increases from .15 to .16 and at the
same time T increases from .10 to .15. It does not seem necessary to
show the effect on wetted surface shape of increasing K above zerc while
other parameters are fixed because this trend is essentially the same

as that illustrated for the first design method. In fact, the essential
difference between the two procedures as far as foll geometry is con-
cerned is that the leading edge of profiles obtained from the second
design procedure wil). be sharp instead of rounded. This can cause some
problems structurally, particularly for a situation as illustrated in
Figure 36, In fact if one selects s=.1 or .2 and does not require a
large enough value of T the cavity surface will intersect the wetted
surface contour., This occurrence is not as likely with the first

design wethod. However, in either case one will not always produce
acceptable designs if the peak presture is moved too far forward. More-

over, previous remarks concerning computational accuracy needed to define

the wetted surface for peak pressure locations very close to the leading
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edge or very close to the trailing edge also apply to the second design

procedure.

OFF-~-DESIGN CALCULATIONS

Suppose the wetted surface and upper cavity contours have been

determined from inverse calculations by means of the first or second design

procedure. The next step is to examine the off~design performance and
critical flow geometries of the candidate hydrofoil section. In this

! study, we shall carry out such calculations by means of the linearized

' direct theory of cavity flows [10]. Of course, we hnow that linearized

theory lacks the precision of the nonlinear theory. Nevertheless, since

the present inverse theory is linearized it is consistant to use the

linearized direct theory with it. In this way, one obtains a consistant

set of preliminary results for both design and off-design flow states.
Once a few promising candidates for a particular application have been
found from the linearized theory, one can complete the design process
by recourse to nonlinearized cavity-flow calculations.

Linearized calculations for hydrofoil-cavity interference can be
carried out if one uses the direct theory of Reference 8 to determine
the upper cavity contouxr at any attack angle ¢. In these calculations,

the slope of the wetted surface, n'(x), resulting from an inverse

calculation will be tabulated numerically over the interval 0<xsl.
i This slope function,.the cavity length, &, and the attack angle, a, will

g L) be inputs to the calculation. In the direct theory, the cavitation

‘ number follows from the cavity closure condition. We can express this

condition as

T SR R S S S R S e
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o =af + W) , (18)

where a = YI=1 and B is defined by Equation (11). The precise form of
all terms in this equation is given in Reference 2, This reference also
shows that the upper cavity contour at any off-design condition can be

expressed as

Y(x) = 631 (xsa) + EZ (x’a) ’ (19)

wvhere the functions El and 52 are obtained from y(x) in Reference 2 by
grouping its terms so that B is a coefficiént of El as shown.

Suppose next that one selects a contour t(x) which lies within the area
bounded by the wetted surface of the profile and the upper cavity contour
at the design flow state. The contour t(x) is the upper surface of the
foil structure will simply be given by table of ordinates over the interval
0sx$1, Then a critical off-design flow state will exist when the cavity

contour y(x) is tangent to t(x). This flow state can be found if one puts

y(x)=t(x) in the off-design cavity contour equation above and solves for B:

t(x) - 52 (x,a)
El (x,a)

B = . (20)
Then if one chooses a value of a, he can calculate a value of B for
each x in (o,x). He can select the largest value of B from among these

values, Then, he can use this same value of a and this greatest value

of B in the closure equation to find the corresponding ®. One can then
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calculate B from Equation 11, The three values (a, K and o) define an

off~design flow state at which the cavity is just tangent to the upper

(non-wetted) surface of the hydrofoil. This calculation can be repeated
for a sequence of a-values which divides an 0-K plane into two regions,
in the region above this curve the flow will be at a permissible state.
Points on or below this curve correspond to states having interference
between the foil and the cavity. The actual equations employed and the
numberical methods used in these calculations are given in Reference 3.
An example of results obtained from the calculations described above
has already been given in Reference 2. Nevertheless it is useful to
give further examples which correspond to flow conditions typical of this
study. Accordingly, we have selected the paraveters s=.3, CL=.12, K=0
and T=,10 for the design flow state for two profiles: one from the first
and one from the second design procedure. The results of these calcula-
tions are plotted in Figures 39 and 40 in an 0~K plane., The design attack
angle for these profiles is plotted on the u-axis. Points in this plane
above the curves are permissible flow conditions. Those which are on
or below the curves are not permissible flow states. In these figures
“"alpha critical" refers to the locus of points defining the counditions
of cavity tangency. 1In these calculations the upper surface of the foil

has been derived from the upper cavity surface in each case by putting

t(x) = 6y(x) , O<6<1l . (21)

In both examples we have put 0=.9 and .8. Thus, the hydrofoil sections

have a wedge-like shape.
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To continue these examples we have also included the general off-
design calculation method of Reference 8. The two wetted-surface slope
functions n'(x) noted above are also inputs to these calculations which
are carried out for a range of K and o values. They perm.t us to
calculate k, C» Cp» Gy and L/D for the prescribed values of £ and a.
Results for the two profile designs are shown in the curves of Figures
41 to 48. It will be noticed that we have alsc superimposed the locus
of interference conditions from Figures 39 and 40 when 0=.9 in Figures
41 and 45 to show how interference can cut off the available range of
off-design performance. Aside from the interferemce data, general trends
shown in these illustrations follow those which have been noted in many
prévious investigations of the direct~cheory of cavity flows. No
further discussion of those found here seems necessary.

CONCLUSIONS

Perhaps tﬁe most Important general conclusion to emerge from this
study is that the mosf'favor§b1e~lift-to~drag ratios are most often
found when the profile ie¢ desienad to have its center of pressure placed
as near to the leading ed‘e of the profile as possible. Only omne
exceptional combination of T=.10 and K=.2 has been found so far. This
result holds for profiles &esigned with either th; first or the second
design procedure. Of course, this finding must be applied with geometric
and other modifying factors kept in mind. Consequently, this result will
seldom, if ever, be -applied to the fullest extent.

For foils resulting from either design procedure, it is found that

at the design point (prescribed values of lift coefficient, cavitation
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number, and cavity thickness) and with a pressure distribution fixed in

'shape but having variable amplitude, the lift-to-drag ratic increases

with increasing 1lift coefficient. That is, within structural limita-
tions, the profile should be designed to be as heavily loaded as possible.

The cavity thickness at the design point has a powerful effect on
the lift-to~drag ratio. For either design procedure, as the the thick-
ness increases the cavity drag increases.

The cavity thickness at the design point also influences the 1lift-
to~-drag ratio for a given désign. Increasing the cavitation number
decreases the lift-to-drag ratio for foils obtained from both design
procedures for most attack angles of practical interest.

Another result found in this study is that the location of the
center of pressure is the most important property of the pressure
distribution as far as hydrodynamic performance is concerned. As long
as the center of pressure is held fixed, variations in the shape of
thg pressure distribution have almost no effect on the hydrodynamic
forces on the profile. Of course, fixing the cénter of pressure does
not allow for very large variations in pressure distribution shape
because this result was found to be true when the design point is aléo
fixed. When the design point 1s fixed and two profiles have the same
center of pressure they are said to be hydrodynamically equivalent.
This equivalence is particularly precise when the two profiles result

from the same design procedure but have differing pressure distribution

shapes.

Hydrodynamic equivalence has also been found to be a useful concept
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vhen one profile designed by the first procedure is compared with a foil

designed by the second procedure. If both have the same design point

and center of pressure the hydrodynamic forces are nearly the same.
While this eguivalence is less exact than it is for profiles obtained

by the same design procedure it appears that agreement of the forces is

close enough for many practical purposes. Of course fairly small
differences were found in the forces and if one wishes to attach
i importance to them he could say that the first design procedure leads

to slightly more efficient profiles than the second procedure. We do

not believe this to be a very important point.

Finally it was found that the shape of the wetted surface is most

sensitive to the location of the peak pressure. Although the peak

pressure location is related to the center of pressure location, its
influence on the undercamber of the wetted surface appears to be most

5 direct and its influence on profile forces seems somewhat less direct

than does the center of pressure location.

N The limited scope of this study suggests that although we have

| established desirable design ébals from a purely hydrodynamic. viewpoint,

: | structural considerations may not always permit thelr fullest exploitatiom.
We have seen that enhancement of lift-to-drag ratios is accomplished by

a reduction in the cavity cross—sectional area available for the

g profile structure. This is especially true near the leading edge where

4 v chordwise and spanwise bending stresses in a three dimensional hydrofoil

may become too high to meet strength requirements., From this viewpoint

it might be better to coumpre lift-to~drag ratios against an appropriate
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étrength criterion instead of using the parameters of cavity thickness

and 1lift coefficient. Therefore, the present study is not a complete

o~

guide for the use of inverse theory in hydrofeil design., However, we
hope that the hydrodypamic trends are well enough established to make

f';f the union of hydrodynamic and structural design considerations less

difficult.
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Table I - Performance Comparison for Nuse Loading, First Design Procedure

K= .05 K= .10 Notes: x = .3647
T CD a’ L/D CD a’ L/D CL=.12, CMf-.04376
.10 | .00704 { 3.2808 | 17.0557 | .00893 | 3.2618 |13.430 3-TERM, REVERSED
.00702 | 3.2266 \l%.0944 .00893 | 3.2101 {13.430 DOUBLE ELLIPSE
15§ 01338 ] 4,7132 ) 8.9672 | 015751 4.6942 | 7.619 3-TERM, REVERSED
.01336{ 4.6590 | 8.9841 ‘.01574 4,6425 | 7.623 DOUBLE ELLIPSE
.20 ,021741 6.1456 | 5.5201 | .02461 | 6.1266 { 4.8762} 3-~TERM, REVERSED
.02171 | 6.0914 | 5.5285 | ,02459 | 6.0749 | 4.880 DOUBLE ELLIPSE

Table II - Performance Comparison for Tail Loading, First Design Procedure

K = .05 K= .10 Notes: x = .6685
T S o L/D Cy a® L/D an.12, CM=-.08022
»10 | .00914} 2.4476 | 13,1299 | .01063 | 2.4666 | 11.2887 | 3-TERM
00909 | 2.4126 | 13,2019 | .01060| 2,4331 | 11,3224 | DOUBLE ELLIPSE
.15} .01632} 3,8800 | 7.3529 | .01838} 3.,8990 | 6.5291 | 3~-TERM
.01626 | 3.8500 | 7.3842 | .01833| 3.8655 | 6.5481 | DOUBLE ELLIPSE
.20 | .02551| 5.3124 | 4.707 | .02812} 5.3313 | 4.2675 | 3-TERM
.02542} 5.2774 | 4.721 | .02805] 5.2979 | 4.2788 | DOUBLE ELLIPSE
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Table III - "Two-Term" Profile Performance at Zero Cavitation Number

(U

L]
T ¢ CL CD L/D CM

.10} 3.6346 | .1395 | .00632 } 22,07 | -.04110

<157 5.4519 | .2092 | .01422 | 14,71 ~-.06185

<201 7.2692 | .2790 ; .02528 | 11.04 | -,08221

Table IV - Performance Comparison of Equivaleat Two-Term and Elliptical
Pressure Distributions: T=.,10, K=0. and x=,2946

6 | & | L/m | o |rRESSURE DISTRIBUTION

+1400 [.0064 | 21.87 | 3.602 | ELLIPIICAL, we,6529

L

b
] k
1

i

i
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§ ' Table V - Performance Comparison for Aft-Loaded Profiles, Second Design

Precedure, Design CL=.16

K | T Cyq x C L/D a° m PROFILE

.00851 18,73 | 3.254 | .3331 | ELLIPTICAL
,0086 | 18.59 | 3,255 .3407 | 3-TERM, REVERSED

. . .0142 1 11.23 | 5.126 | .3630 | ELLIPTICAL
i 15 1-.0522 | 2263
.0143 | 11.22 | 5.126 | .3709 | 3-TERM, REVERSED

.0096 | 16.61 { 3.487 | .1398 | ELLIPTICAL

. .10 1.10 }-.0586 | .3675
! 0096 | 16.58 | 3.4838 | .1434 | 3-TERM, REVERSED

Table VI - Parformance Comparison for Nose-Loaded Profiles, Second Desiga
Procedure, Design CL=.16

U K |r ] ¢ X G | WD | o | a PROFILE

g

' ,0076 | 20,92 : 3,544 | ,5396 | CLLIPTICAL
.10 “-0560 ‘3375
(0077 ; 20.74 1 3.557 | 5731 | 3-TERM
§05 * * by
<0141 1 11.33( 5.157 | .0587 | ELLIPTICAL

.15 | ~.0506 | .3162 . |
L0141 | 11.32] 5.15¢ ; .0625 | 3~TERM

+0093 | 17.15] 3.607 | .2247 ! ELLIPTICAL
.10 110 ¢ -.0524 | .3275 l

i 0093 17.12] 3.611 | .2390

* 3-TERM
i A

A e
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LIFT, L HYDROFOIL WETTED SURFACE
UPPER SURFACE OF CAVITY
CAVITY THICKNESS,

PITCHING
MOMENT, M TAT x» 1)
DRAG. D j CAVITY PRESSURE P

P _ .
u CAVITY LENGTH,

pro PROFILE TRAILING x-2
FREE STREAM €DGE. K+ 1 LOWER SURFACE
veLociry ' OF CAVITY

DOUBLE ELLIPSE PRESSURE DISTRIBUTION

PEAK PRESSURE
PERTURBATION

PRESSURE. +plx}
Figure ) - Schematic Diagram of Two-Dimensional Flow Geometry

and Prescribed Pressure Distribution for the First
Hydrofoil Design Process

PRIMARY PRESSURE DISTRIBUTION

SECOMDARY PRESSURE DlS!RIBUHON/-»

3050 -0
_[o——---u.._“. --l
, -

WALLING €06t~ -0

NOSE

Figure 2 -~ Doutle-Ellipse Prossure Distribution for. Use with
the First Design Procaedure
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0.25

--

L 1 T
REVERSED ] THREE TERM

0.20

0.10

PERTURBATION PRESSURE, plx} .

i : 0.05

0 3 50 15 100
PERCENT CHORD, «x

Figure 7 - Three-Term and Reversed Three-Tern

_ Pressure Distributions for Comparison
i of Results with Results from Elliptic
Distributions
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APPENDIX A

Tables of Performance Data - First Design Procedure

Symbols in the following tables are defined as follows:

CAY Z Cavitation number, K. See Equation (1) of text.
i
i LAMDA = Double ellipse pressure distribution parameter defined
! in Figure 2 of text.
% CL = Section lift coefficient. See Equation (3) of text.
i
; TEE = Cavity thickness parameter, T, illustrated in
Figure 1 of text.
S8 = Locatlion of peak pressure, measured from nose of profile.
See Figure 1 of text.
LoD = Lift-to-Drag ratio of profile.

ECAP, B, DINT, CO: These are characteristic parameters appearing in the
calculations which are described in detail in Ref. 2.

CN 2 Pltching moment coefficient. $ee Equation (5) of text.
% Cch £ Drag coefficient. See Equation (4) of text.

ALPHA = Angle of attack in degrees. Sce Figure 1 of text.

x £ Center of pressure location, fraction of chord.
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APPENDIX B

Tables of Performance Data ~ Second Design Procedure

The symbols in this table are the same as those of Appendix A
except for ACAP and EM. These are defined in Reference 2 as:

81}

ACAP A, the strength of the leading edge singularity due to
the increase of the design attack angle above the value

for shockless entry.

EM £ wm, the fraction of C. which is carried by the prescribed
pressure distribution. The fraction of CL carried by the
angle of attack term is 1-M,

ALPHA Angle of Attack in radians (note that in Appendix A this

quantity is expressed in degrees).
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APPENDIX C

Pressure Distributions for Fully Cavitating
Hydrofoil Profiles Which Use the
Stratford Pressure Rise

We have seen that fully cavitating hydrofoils have the best L/D
if the center of pressure on the wetted surface is as near to the pro-
file nose as possible when cavity thickness constraints are specifi-
cally accounted for in the design. Even so, there may be some situa-
tions when tail loading may be desired. Then it is necessary to avoid
turbulent separation and to make certain that it will not occur at the
very beginning of the design process.

In particular, if one specifies the cavitation number, the Reynolds
number, and the profile lift coefficient, he needs to know how close to
the trailing edge he can locate the center of pressure and still wmain~
tain a prescribed value of the cavity thickness. In order to move the
center of pressure to the rear, one needs to specify adverse pressure
gradients on the wetted surface which become steeper and steeper as the
center of pressure wmoves aft. At the same tiwe, turbulent separation
must be avoided. It is the avoidance of turbuleut separation along with
other design considerations noted above which has led to the following
considerations. For nose~loaded profiles such considerations are not needed.

Fortunately, the problem of turbulent~-geparation avoidance was solved

by B. S. Stratford in 1959 {12]. In two papers in the Journal of Fluid

Mechanics he has given a solution for the form of pressure rise in a tur-
bulent boundary layer which 1s just on the verge of separating during the
whole time that a typical boundary-layer fluid particle experiences a

rising pressure. Although such a boundary layer flow {s a very special

A R ety r S St A 8

BT T T N S B . . o
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one, it obviously has great technical interest, because it is not possible
to prescribe steeper pressure increases without producing turbulent sepa-
ration. Of equal importance for applications, Stratford was able to pro-
duce such a flow experimentally and to measure the important boundary-
layexr flow quantities.

Since Stratford's pioneering efforts, his results have been applied
in this country, principally by eangineers at Douglas [13, 14, 15, 16], to
the design of very efficient high-lift airfoils. Moreover, they have
verified the correctness of their methods in a series of wind tunnel tests
which showed excellent agreement between culrulated and measured perfor-
mance. On the basis of these results, there is every reason to believe
that the work of Stratford can be applied to the hydrodynamic design of
certain supercavitating hydrofoils.

On the other hand, the design considerations appropriate to cavity
flows are somewhat different from those for airfoils. Therefore, it is
necessary for us to adapt sowe of the methods of Stratfoxd and of Liebeck
to the present inverse design prodedure [2]. In this note, we consider
only profiles designed in accordance with the first profile design proce-
dure. The use of the Stratford recovery for the second design procedure
will differ from that given below. We will not consider it here because
of its complexity and its limited usefullness,

Prescribed Pressure Distribution

Figure C-1 shows

bhey s

schematically the kind
I

X0 Al .
of pressure distribu- ’ X1
19&] h
tion under study. The
wetted surface of the ]
Figure C-1
B TR , Ehdaie s S iaae el o .’ "H ““““ L o ' T
= e e i i e W by - ot Sy i e sl T w s “ .o
W
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hydrofoil is of unit chord, and it lies on the X-axis as shown. The
dotted contour iliustrates the upper surface of the cavity which ori-
ginates at the profile nose. The lower surface of the cavity leaves the

profile trailing edge at X = 1, The cavitation number \ is

P _~-P

© c
K= —7
1/2p U,

where P and U are the steady upstream flow conditions. The cavity
pressure Pc is the lowest pressure in the flow field, and p is the liquid

density. The disturbance pressure in Ref. 2 is P(X) =~ Pc + p(X)«1/2p UNF,

where P(X) is the static pressure on the foll and the distrubance pressure

is p(X). The pressure coefficient Cp is

P(X) - P
C = ———= =K + p(X) .
P12,

Note that p(X) = 0 on the cavity. Moreover, the velocity magnitude on the

cavity is

q =U/V1+X

c wn

and, if all disturbance velocities (u,v) are normalized with respect to

this cavity speed, we have
UE) =g [1+u®)]
and, to terms of first order,

p(X) = -2 (I4K) u(X) .
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We can now discuss the pressure distribution shown above in terms
of this notation. Note that this diagram shows three regions:
(1) from X = Q0 to X = Xo at A, where p(Xo) = Ah, A << 1,

Two shapes for this region are considered:

p(X) = %—-Xh linear rise,
o

or L (C"l)

p(X) = A/ %({— parabolic rise.
o

This region of small positive perturbation pressure is required to give

the profiles resulting from the design process some tolerance to angle of
attack variations without wetted surface cavitation occurring.
(11) from A to B [Xo < X < (1-8)], "stratford Recovery" region.
This is considered more fully below.
(i11) from B to C [(1-S) € X € 1). This region of falling pressure

will have an elliptic contour:

p(X) = -‘S} V%) (26-14%) . (c~2)

This particular shape has been chosen to have zero slope at B, where

p = h, and to behave like p ~ VI-X near the trailing edge. This latter
condition characterizes the trailing edge condition of the flows studied
in [2]. |

Canonical Pressure Distribution:

For boundary layer calculations
in the Stratford region, the so-called l \
canonical piessure distribution is ' ?

most useful. It is based on the pressure
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at A, Po = P(Xo), just at the start of the pressure rise. Note that
this definition varies somewhat from airfoil [13, 14, 15, 16] usage in
which P is taken to be the lowest pressure on the foil. Our definition
is consistent with the requirement that, except for the leading and
trailing edges, the wetted surface of the profile must have a positive
perturbation pressure. The canonical pressure distribution is defined

as follows:

_  PX)-P
C = ——-—*2—9.... .
P oanvu
o

We can now translate this quantity into those which we will need for

hydrofoil design. Thus,

P(X) - B P -P v 2 v 2
C = 7 + P 7 = [P(X) -p ] 2
P [o]

VR A VI e U,

where Py is the perturbation pressure at X = Xo.

Moreover,
v, 2 u, 2 1
2" 2 2" R 2
v, q, (1+ u(xo)] Q+x) M1 p°/~(l + K))
- 1
2 *
L+R -p +p l4(1 + K)
? 2
)
> > e .
But 1 P, GEE?) and we can neglect the second order term compared

to 1. Moreover, in the present case P, " Ah, So, the final result which
we require to translate specifications on perturbation pressure p(X) into

canonical pressure distributions, E}(x). ig
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T (x) = RX) = Ah_ -
&R =T¥x-am - (€-3)

The perturbation pressure is needed to calculate the 1lift coeffi-~
(“} cient, CL’ and the canonical pressure coefficient is needed for boundary
layer calculations.

Now the bbundary layer flow state at the start of the Stratford
recovery is characterized by the momentum thickness at point A [10, 11].
Moreover, Stratford's experiments and his theory pertain to a pressure
recovery region which is preceded by flat region of X . In the pressure
recovery regicn normalized coordinates are x/x° with origin at x = Q.

To start the pressure rise, Stratford gives éormulae, based on matching
the momentum thickness at x/xO = 1, to account for other than flat pres-
sure distributions ahead of Xo for both laminar and turbulent boundary
layers. In the present application, we will assume that the boundary
layer is turbulent from the nose of the foil to the point Xo. Then, .the

"effective" flat region x, is

xo 3 xo

= v a 2(1 + X) - p(X) -
X Uo dx [2(1 - P, J X . (C~4)

0 0

For the linear pressure distribution, we get

2
3 _Ah 5 [ Ah A
%5 ° %o [1+41+K+8[1+K] *‘] ’
aund for the parabolic nose pressure, we have

) 2
) o 1 _Ah 3 [ Ak
J %o xo[l+2l+l<+2[l+1{] +] .
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In either of these cases, we can write

1
X Xo T (C-5)

The quantity T is defined by one or the other of the above functions
of Ah/(1 + K).

The Stratford Recovery

The chief result of Stratford's investigation is contained in his

canonical pressure distribution [12]. It is

( 1/5 ., x_\1/5 13 = _ 4
0.49 {Reo [(E) ~ 1)} »C S 3
C, () = (C-6)
’ RSP S T ok
: V(x/xo)+b P

Yo% UK ITX
Y Vv T

where Reo =

and where the constants a and b are chosen to match E; and dE%/dx when
E; = 4/7. Now, the above formulae are written for a hydrofoil of unit
chord. Naturally, we will be dealing with foils of chord c. All we need

to relate Reo for this case to the Reynolds number based on chord ¢ is

to put
U c] XO 1 +K X Jl+K
S i . AL AL 6

where now, Re and Reo are based on actual distances.

Coordinates and Lift Coefficient

As we have seen, there are two sets of coordinates: those which

M ———— * T
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measure actual distances along the unit chord of the profile, designated
by %, Xo etc., and those which relate to the canonical pressure distribu-~
tion, designated by x, X, etc. We must determine the relationships be-
tween these coordinates in order to continue the analysis. We have al~

ready obtained one result in the form of the Equation (C-~5) which is

Xo = xoT .
However, this relationship holds only at the point A on the foil. That
is, when X = Xo and x = X, . But we know that in going from A to B, ﬁe
follow the Stratford Recovery and, in particuiar, when we are at B,
X= (1 - S). Moreover, at B we know that p(X) = h, and so the canonical

pressure coefficient from Equation (3) is

=~ _ _(1-1n ;
G T+x-Xx (c-8)

This value of Cp can be put into the Stratford Recovery and the cor-
responding value of x/xO found. Denote this value of x/xo, corresponding

to X=1-S8, by Z, Then, we find that

[ 3
| . a-n Pl _a-om 4
1/5 A9(1L + K = Ah) 14 K=~2Ah~ 7
(Reo)
AR
) 2 (c-9)
a
1 - A)h 4
- (l - A h ’ “‘L'"'",_':L‘_ > o .
L k l iqu}rj%ﬁﬁ‘ l1+XK-2an 7

We now have two pailrs of corresponding points:

at A Lnl.‘l‘}““l;andatﬂ . "Zs"""? "1.“3 .
X X s X X x
0 13} [+ o o

Evidentially, as one traverses the distance from A to B on the wetted




b
L,
b
ks
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i
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surface x goes from xo to Zxo. Therefore, the distance is (Z—l)x0 =
(Z-l)XO/T. But, the profile has unit chord. Hence, the sum of the

distances from 0 to A, A to B and B to C is

l= Xo + (Z‘l)XO/T + 8

or

d-8)1=(t+2 ~ l)xo (C-10)

This is a fundamental geometrical constraint on the variables of the
problem which we will need later.

In order to consider further the relationship between the boundary

layer coordinate x and the hydrofoil coordinate X, let us take a point
Q in the Stratford Recovery region between A and B. Suppose Q has the
foil coordinate X and the boundary layer coordinate x. Then, it must

follow that

X-X = x=-x .
(o) o

Now we can divide this relationship by xO:

>

..-x-u.._-.gu ..1 N
X X

[ 0 0

Mlx

Next, we can apply Eq. (C~5) to this result to obtain

X - X - -

o s tl-T . (C-11)
Equation (C-5) relates the boundary layer variable z = x/xo. appearing
in the Stratford Recovery equations, to the geometric coordinate X on

the profile.
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It is the coordinate X, along with the perturbation pressure p(X),

which allows us to calculate the lift coefficient. Moreover, since the
quantity X is determined by Egqs. (C-1) or (C-2), we can use it to relate
i () the boundary layer coordinate in the Stratford region to the geometric

coordinate X without ambiguity., In particular, Qe can write

C, = p(X)dXx .

Then, with the help of Eqs. (C-1), (C~2), and (C-3), this formula becomes

X T+Z-1
cLaxh[(l-S)-%»x]+“-s-—h+(1+x—xh)—9 td+1-04dd
2 % 4 T pxo X,
T

(C-12)

for the linear nose pressure distribution and for the parabolic case,

E T+2~1
, Loy, 18h SRR B SRS &
g CL Al - 8 3 kol + L + (1+K-Ah) 3 cp\xo +1-7) d(xo)
T

(C~13)
Note that Eq. (C~1l) and the considerations leading to Eq. (Cth) have
been used to put the integrals fn Egqs. (C-12) and (C-13) {n & forw suitg-
able for direct use of the Stratford Recovery as specified by Eqs. (C-6)

Further Details of the Solution

The preceding sections provide sll essential ingredients necessary

for the determination of the prescribed pressure distribution on the

profile. However, in order to implement these results, a number of sub-

sidiary calculations must be coupleted. For example, we have noted that
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the Stratford Recovery requires tkat a joining of profile shapes occurs
at C_ = 4/7. At this pressuve, E;(z) and dE;/dz are to be continuous.
s These two conditions permit us to calculate the constants a and b of Egs.

(C~6). At the point of joining, let us put
z=1z forC_ = & .
o p 7

Then, from the first of Eqs. (C-6), we have,

3

, = | 1.586 |
° (Reo)l/%J

Then, it follows that

1.206 _ 4/5 , 1/5 _ .. 2/3
A5 % B T
(8]
6.563 z 4/5 (z 1/5 _ 1)2/3
b= Q £ -z
Re 175 o
O

Now, we can continue with the determination of the watching of the
Stratford Recovery to other prescribed conditions on the pressure distri-
: bution. We require that the lift coefficient be specified in advance.
However, the point Xo 1g as yet vndetermin-d, aud the value of h, the
maximum pressure on the wetted surface, is also unknown. We know that the
Stratford Recovery allows for the steepest possible pressure rise without
turbulent separation. Thus, we can specify a fawily of pressure distri-
butions, depending on the paramaeter S. Mewmbers of this fawily will all
have the same values of CL’ K and Reynolds number.
The values Xo and h uust be determined by trial and error. We can

! use the basic geometrical comstraint and either Eqs. (C-12) or (C~13)
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f for CL to guide the iteration in a Newton-Raphson procedure. Thus, we can

write Eq. (C-10) as

o _1-§

and Eq. (C-12), for example, as

1
CL(Xo,h) Afl - § - §~XO] + mSh/4 + 1 .

Then, we suppose that, in the process of iteration, we find at some

i i step a difference in the calculated value of C;, from that specified.

{ Let this differeuce be ACL' Then we have

L L
T B &, = &y

: aC aC

andr

EmerEm =0 .
o
fvidentally, one can solve for AhA&nd Axo and use them to determine the
next value of h and xo in the iteration. This is a standard procedure.
It haeds no further discussion hera. The calculation of all the partial
derivatives from the formulae of the preceding sections is rather tedious.
We shall, therefare, yroceéﬁ to the'diacussion of results,
Thege results ave conteined in Figure (C-3) which shows the
variation of L/D feor a vange of pnak pressure locations ét zero cavite-
tion nusbsr. Forx each valus of cavity thickness T three values of CL are

uged. Note that the trends show that the nose leading, corresponding to

large values of §, lead to wore favorable L/D values than the tail-loaded
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profile obtaianed at small values of S. As we have already explained the
chief value of the Stratford recovery is for tail-loaded profiles which

are not as efficient as those having nose loading. Therefore we have

discarded this kind of pressure distribution in favor of the simple

double elliptical form which has been used in the body of this study.
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Figure Ce3 ~ Lift-tordrag ratio of a profile using a Stratford
recovery for three prescribed lift coefficients
and three cavity thicknesses.
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APPENDIX D

Hydrololls at Tero Cavitation Number and Related Alrfoils?

Consider the steady rectilinear flow of a liquid of density p past

a fully cavitating hydrofuvil of unit chord in two dimensions. As

: ’ltuatmlcd in Fig. 1, the profilo noso is at the origin of cvordinatecs
( ~ Ad tho freo stream velocity has magnitudo U and fluws parallol to

L

¥ Numbera i hrarkets deaignate Hoferanres at end of papor,

2 ha reanlia of thia sorlion aso duo o T Y. Wu, who has kindly
permitied thei Lo be unedl haca, Prateasar Wa'e helplul dieuusaion of
many anjiecta of thia paprer ia geslofully ackuowlodgoed.

Contribiutod by tha liydeanhia Division and presontod at the Winter
Annual Mecting, tHuladelpiua, I'a., Novomnber 17-32, 1603, of Tun

., Auenican Bacievy or Mrcuanioat Excinasas.  Maausorips e

ceived ot ABME Hesdquarniers, May 132, 1004,

Jousnal of Basle Engincerlag T

His

Fig. ¥ Schematic dlagrom of cavily Qow post g hydroloil

the z-axis. Tho chord of tho profile is inclined at an nngle of
attack @ with reapoct to the undisturbed fow. “F'he ahager of the
wetlad surface, measured frotn the r-axis, i defined by the funce
tion f(z). Tho cavity cxtends hack aver the uppes surinae of the
foil. Generally, the static pressure of the gas or vajnr insile the
cavity Py will be leaa than the freo strenin atatie prissare 2. nnd
tho cavity will closo at o finite distanre of ahsriesi 4 hechine the
hydrofoil neso, When 1 > 1 the flow is enlicd fully eavatating.
Partlal cavitation is aid o exist whan tho eavity eluves an the
uppor surfaco of the profilo. Quly fully eavitisting flows wra cone’
sidored in this papor. In euch flows tho Bow stato is churactoriand
by the cavitlion numbee,
! P‘ haadd P.

K - 202

]
— 3
3 Y

13}

In this section we shall cansidder these special flows for which
K = 0. In this limiting cuso the cavity length Lhovromes mlunte
and the flow specd va tho cavity surfaco is cyual Lo the free sineain
apeed, U, -

Lot tho flow at any point in the &, p-planc ba given by the
velocity veclor alz, p).  Next, ny is customary, we intraduce
tho 2 and  components of the disturbance velucity caused by who
foil. Theso aro ¢ (z, ¥) and w{a, ¥), répectively. The perturbae
tion velocition are rolated to the vector q by

q = Ul + vy o)

In accordanco with tho linenriznting achemn wo mant hayvo o, ¢ W
1. Woahnll also amsuma that tho cnvity mifneen il tha wettal
surfaco of the hydrofoil lio elowo onough te thy g-uxis su thud i the
splano (s = @ + ) tho boundary condilions o \ho Campivg
velocity, .

v, we) oy (3)'

oecamaer 1ves /7 b4l
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i . .
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H veplone . o
| i L odpey =
f : - - < el R 4 ) I
: &) j:, o @
i : o
{ for0< <1, o
] ) 1 ] For oxanple, il we tako .

fiz)mazt b+ er*+..,, 08251,
Fig. 2 Boundary conditions [n the physical plane {s-plane) and corres W0 fitid that K
sponding boundarles in the translermad plane (»-plane) fer xare cavilas .
Hen number

24 . '
W = ab 5y Bk Bk 0SEZL

-
Tividently, an inclined fint plate, defined hy f(2) e az, innpped
intoitsell, In the genarnl cna the shape of the related nirlmil i
ovon ita angle of attack will bo difierent fram thasns of the nru.,m Wl
wz,04) =0 for 2>0, hydrofuil. :

can b applicd on the z-axia, The linonrized boundary conditions
for tho analytic function w(z) ore shown in Fig. 2. Thoso condi-
f tions can bo summarized as follows:

1
]
‘ .
)
i - " . Correaponding to the dinturbinneo veloeily, wo shall define tho
) : oz 0=) = f'(z) for 05231, 4) parturbation prossurs coolliciont p{z, y) by
; u(z,0~) =0 for z>1, : P(r,p) = Py o T
: S ump = as l.l-on, Pz y) = — ' - ()0) ]
. _ - plt o
! Jiy meana of tho conformal trauaformation, . 2 P S
pom boin =g (6) whera P(z, ) denotes tho alatie presmea ab niy pot jn the How,
. . Uso of tho linearized Dernoulli equntion ahinwa that g, y) =
the whole £-plnnc is mapped into tho lower hall o the »-plano . N - e
with the solid surface lying on the real waxis belween £ = Q and 2u(z)y). Thelift, cln‘\g. and mamont! cacllicionts uro o
£ = 1. The cavity boundarics lia along the rernainder of tho real ‘e i 1 ' .
axis. The v-piane and the transformed bonndary conditions are Co f J(=) ) plz, 0= )z a
also illusteated in Fig. 2. It s to bo noted that we have chosenw  \Cyp ¢\ =z p
to be invariant undor the mapping, that is ‘ ' 1 L
w(z) = u(x, ) = wls, y) = Wwp?) = wp) - =3 J; (v'(z, 0—)) u(r, 0=z K '
. -2 o
= u*( ) = w(n) (0) | : :
: . _y . !
Weo can abtain tho related airfail formulne by noting that un - f VE U=) Ju(§ 0= (iL) L
part of tho rend vaxia u = y® = Q. ‘Therolaro w*(v¥) can bo cone 0 -ft R
tinued annlyticnlly into tho upper hall of the »-plano by the t
Riemann-Schwarls pﬁ“cip]o of reflection [01' For the pmag Tho QX{N‘QMiQn for CD can 1)0.‘"\])‘“‘50‘1 hy meang of tho Puisaon
flow wo can wrile integral formula (7] o
—— . 1, - o
w'(F) = =0, Q) i 0-) = Lov, [ EERIZ .

so that u® is old and ¢* is even in . Aftar Lho analylic con~
tinuation the flow in the »-plane will be recagnized am the flow  where P.V. atands for tho Cauchy principlo valuo of the integral.’
} : past an aitfoil of zere thicknesa with w® being the disturbance  Thus, .
{ : greated by the aiefoil in an otherwivo uniform stream of velocity IR
{ Y% U. Asaconacquenco of tho invatiancs indicated by equns  @p = -l PV, f w¥(E, 0=t f u (Lo.- ) (& = &) = i}t
Uon {8), the ahapa of the transformoed eolid boundary in the L ot
»plane, determined by ¢°(§, 0), will gonerally bo dilferont from

tho wetted aurface ahapo in the s-plans. Lot Wdupo of the now - {f u(é, 0-)‘16} 4 (f 94, 0=, U= Ndi,
related airfoil bo denoted by o o 0 .
| EX;G! .. (8) Uoeaco . e
: Then from equation (0) it follows that | ) Cpm _2; { f ! (et 0__).,‘.} '_ ()
LY 1]
_ “"" = Kz, =) = 5%(f, 0t:) v "-"ﬁe-’. for 0y m Pl ——
dé . " Mou;:nt;‘nm r‘(ml:i:.mmili\'ﬂ |l“l‘|u-yklcml ‘ln e e nugin
" ot \ is (& [Tty
Ucoos, tso shapo of the related alrfoll s givea by protle, frowent fa talew whout Hho tue wi the

S -  ———— s e b L e
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- coofficienta of v*(£,0£). Write

"ty the sither hand, tho Yift, mament, and the third et of the
A . .
- elnted nirfoil are

RYEANEY R
s <CH. - f ¢ (p*(E 0=) = 9*(& 0+)i-¢
Cou* 0 \=-§

1/t
-~4f <€ u’(f, 0— )k (13) -

Ofa

“Therefore, by comparison with equntions (11} and (12) we find

;- C,,"/2x_'. (14)

C = CM‘» C}l." ~Chu®,

The loeation of the conter of preanure, oxprossod as o {raction of
the chord from {he hydrofoil neao, is

C.“. - -C;(/Cg, - "'C—;u‘/Cu‘. (MQ)

Thene equivalence relationships betweon the hyd: »loil and tho re-
lated nirfoil are dio to Twlin and Burkart (1, 2).

“From the dircet. problem of thin airfoil theovy [8], it is known
that €%, Cu*, and Cha® can be ex-cesed in terms of the Fourier

—0*(}, 0) = 32'— + 2, 0, 008n0, (15)
. . Rel :
where .
kw1t eos0)?  ~r<O<y, L
- and where .
.. f "Uo(E, 0k:) cos n0 do, (150)
k ¢ 0 R

¢

'It‘ia Alm shown that ‘ C e

pUE 0=) o =26, 0=) - —a m-g-

—zza.elnn(?. —-r<0<0, (30))

A=}

"and hance, from couation (13) that

Cut = wlart @), Cu® o (ot 20+ )
a i (10)

h !
_Cf‘"“';;%l:‘.;°~+7(¢-+m)+3m+-2-nc].

Therelure, Trem equationa (H4) amd (10), tho bydesdynamia reaee
e un the Lydeafoil ara dotermined by qundentures,

L in impertant W hote Uit for vapuratia eavitation tha cavity
nresuro 1ot be tha Jowead presauro in the flow, “Therefore, on
the welled murlace of tho foil, the diaturhanee pressure, p{z, 0~)
o p*(£, 0=), muat he nonnegative.  Accordingly, the cnnfficient
g, it be aueh that tho right-hand wide of cquation {166) is non-
negative,  Otherwise the flow eonfigurmtion will nnt corpenprond
10 that which we hava postudsted.  ("TPhin requirement in oo
whivl Mioulil be adibed to thoan summarized fn equation (4).) la
particular, it bn pecewnry Ahat o0 2 0. Thin cacllivient dater-
sines ke wteength of e fean mingylarity,  When it vanishea, to
flaw in anidl to eadibit meoath or "shocklon’ cutey, 11 ae wore (o
herame negative tha cavity would chango aidon ab leaat Rear tho
profilo lending edge,

Tho prercding dovelopment of tha linearizod thoory for K w 0
permita ua to camidler theea apeeific examples. - Firal, in oniler to
givo & banin for aubmeruent comparison we will treat the flat plate

Journal of Basic Enginccting

Iyideodail, Neat, toaliow the effeete of enuhee, woe wili npp
theory to cirenlare nee hydiofole. Finlly, e sl ennzids
optinim design proddem for fully eavitatiog beedeofmlon K

Example 1, FlotPiats Hydrsfoll.  [rar a flut-plata hydrofoil
anglo of attack, a, wa hve f(r) = — e and

HEO0=) = (g, 0=) = —0
Yrom orquations (11) it follows that

a = 2q, a, = 0, ne 1,200,

lonce, from equations (14) nnd (10) wo ohitrin

o,

o, Cpo- g

hr h
(4 JPRCIR :;2 a nwl Gl - ’;,,.
Theso reaults shaw the totad foree on the fully eavitating fia
to he normnl Lo the plate, an it should e, Also C.P., the ul
of tho center of pressure, in 8/ chord from the leading

. Theso values for the cocfficienta will he recagnized s o ling

form of XircholT's exnct salution [91 for amall values of 2.,
Example 2. Clreulor-Are Hydrofoll, ‘The circulur-nre )

which subtends s tolal angloe of 29 at the center of the Jir

which iz at an anglo of attack a, is defined for sinall values ¢

H(z) = —az 4 y2(l = 2)

Then wo have

V(5 0=) w o5, 0—) = v — & ~ 27z -.'f -a - éyé

- (%—a)—ﬁfe«mo_-_-:-'i("

whare 8 is defined In equation (15). From oq\mﬁ«.m (n
tain
=% G= ¥/, C ’.¢

P AR

Q-ZQ-—%..

- From equationa (14) and (10) it fallown that

| I
c,,u-g-(a-y'%’). Co-%(a-k-}).

hr K
Pu = = (‘”’ '

h 4 iy
" (u + 9 'y)/(n A N ).

Movoavor the requiramient that we 2 (1 implica thut

and

.

16 LAY

7
aa.'

it the salntion Is to ba valid.  When this eondition in sali
aa that at a given valua of @, an increasing poditive
camber always inceennen tha it deng, aned nowment nn
eaves Dhe contor of jrresatien farthot fie tha rene from the {
loeatimy  In pariicular,

W, Te Mo r( L) ¥, LU
oy 0’ oy o 4 oy 6
A point of Intorass fa the favewalila lnerensa of € dio o i

¥ for fully cavitating hydrofuila,  Foe tived or, tha lifted
la A mazimurn at _ [
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o




s vl

u 20, -

b ola

e

hant WV 2V g

a

Yo =y o (@)
giving
I 'lt) 1
s 2
D mat 40 a ( 0)

Thia valuo of L/D is o 22.5 porcent increnac ovor tho flat-plate
valuoof ¥ /v,

Example 3, Oplimum Profile Deslgn.  From tha results of the pre-
ceding examplo wo are led to consider tho design of tho optimum

-profile. To do this ono attempts to determine that profile shape
which, for prescribed drag coefficient and attack anglo ¢, will
‘produce the highest lift. From tho genoral formulas we have

CeT(@tmtea @D

o . e

Cpm= ’g‘ (as + at. .. (28)

* When tho valus of a is prescribed we must have f(0) = 0, f(1) =
* —oa which constrains the form of the Fourier coofﬁcxenw as

follows:

1) = =a = [ otz 0-) = 2 [ 028 0~

or upon using oquation (15) we find alter torm by torm mt,egrauon
that

" gy s = Otast
] "-2,: an - 1 "-z,-:m Fxen =3 &

Morcovaer, sinco p(x, 0— ) must be nonnegative i every point on
the foil we have from equation (16b), that ay 3 0, and that

Qs 6 - . .
—é.unz f?cl. ainn 82 0for 0 < 8 <w (30)

"It is clear on physical grounds that if the whole underside of the

profile is to bo wotted, from the nose to tho trailing edge, we must
hava {1} < 0, or by equation (15) that

@t 2,820 (31)
1

Iy
Since €y, andl € depend upon tho firal three confMicients onty, the
probleny of finding a unicque set of vaiues of the a,'s correnponiing
o tha highent €, for preneribied € nivl @, and which alao antislice
condditiona (140) and (1) in not a mini-mnx problom.

For practical engincering purposes wo shall confine ournolves
to tha special class of profiles for which gy w g = ., , = ¢, Then
equations (27) through (20) can ba solved for ay, 9y, aud ae. The
solution {a
\

8¢ 8C
Gy = """9 +6 ’D 0o,

8C, C
a.-'-5{—+oa, b (33)

“--4_(.'.'.!.'.’.‘ 83" 6.

and

The condition that as P 0 and conditivas (30) aud (31) lsad to

644 / oecemsrr 1964
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and ¥X]

e[ -a]

If the flaw configuration in Lo remain oy postatnted, the first in
equnlity shuws st €, and a eannot both be preacribis!t aebi
Lmrily Whon this first condition iu antisfied the seeond inequal
ity gives tho largest attainable value of CL To proe m-d with th
snalysia let us write

and : (34

whero ¢ 2 1and 0 < 8§ € 1. For n fixed valne of 8, it is fiun
that C,,/(,,, in n maximum when € = 4/, Uhe limit 8 =+ 1 lead
to ap = 0, which corresponds o the smooth entry econfige=ating
In practico it may be desirnble Lo retnin the leading edge sings
larity sinco smooth ontry is difficult to mnintain or even t
realize, To retain the nage singulnrity we simply clioose § slight]
Jess than unity.

For instanco if wo tako ¢ = 4/3,8 = 14/15, then for cn;,mconn
purpoacs we have the following optimumn values:

cm- .;;:a' N,
and . . C :(3.‘

Cu= o * Uy
Tho ratio Cre/Cie = 7/(5ex) in greater than the flat plate cnsot
40 percent and it surpasaca tho maximum L/D of the cireular o
by 14.4 porcont. Now {rom oquations (35) and (32) we obtait

2
Q= — Q

-8 4
© G and a.-——ga._«-(a

Finally, the prossurc condition, oquation {30), bocates

%m%-&-a.dno-{-a.einw :

- -;-Nc 01 = con X1 + Buind 0‘)>

for 0 < 0 < w, no thit thin cundition i tultillsd, Tha corpcapon
ing shapa of tha wettod surfaca is (und w bin

J(z) = -%‘5: +a.z(1 - »;- v‘i) - %lx(a-m\/:‘ + 1

- ﬁx(n = 324/3 + 102), o<s<1. (

The cambor function of the wouod surfnco, mmmml from 1
chord iy

Ms) = f(z) + az = l—%gx(t -, 0<r<l G

Tho Inat point Lo clicck in to sco whether e nat there is int
fevonco botween tho upper surface of the fui! and the vambier i
From tho gonoral solution,

Teansacliont of tha ASA
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-134~
0.8
aso’
0l
. (c‘_)"".m o {5a . oot ‘
- [
. : k) o - 01804
‘O,z < (Co eplimum Ba
y Y -3¢fa «-0.03634
a.1f- '
— o
0.l -
«0.2

Fip, 4 onmo end cavity contevrs of - {ow-dreg hydn?oll at K = O,
Note muqnmod varticel scale,

S i =1

‘”""."‘f-““’"i‘(‘_“‘j )

SR +i) 0, (v =~ 1-234/Wr =),
i .

in which the branches aro chosen to make ‘\/ (» ~ 1)/v=+1and

s\/;(v ~ 1)~ v as |v] = », We find the upper and lower:
-boundarics of the cavity from

hte) m [ 04 for 230,
and . . . _
- ey = ok . e 0=xe tor "z 1.
Whéﬁ ‘lhé valucs of a, lor this examplo aro put in tho goneral

solution and when the values for Wz, 0:t:) are aubstituted in the
integraln abe o the final result ia

.

Aa) = (7 = 29/ =482 = M VEX V7
"7"“’8 (VUF V5 + 2%) 4 222 4 04" 4 3229), (30)
hs) = @+ - (7 42 V5 = 48z o 522/ Vz ~ oz

+ 7 log (VVz =1+2%) =22z = 1)
.+ 042" = 1) = 3220 = 1)) (40)

The profile and the upper surface of the cavity calculated from
equations (38) and (39) are shown (o acals in IFig. 4. it is poen
that tho cavity doca cloar the lower surface of the hydrofoil,

JUIe JVs A~
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